INTRODUCTION
This paper deals with the shape optimization of a contact surface of a twodimensional elastic body unilaterally supported by a rigid frictionless foundation. The problem is to redesign the contact surface in such a way that the total potential energy of the system in the equilibrium state will be minimal.
In [9] the proof of the existence of an optimal shape is given. In the present paper we shall study finite element discretization of this problem and discuss the relation between continuous and discrete models (Sections 2 and 3). When the discretization has been done, our discrete design formulation leads to a nonconvex but smooth minimization problem with linear constraints. The évaluation of the cost functional involves the solving of the nonlinear state problem (variational inequality). Consequently, NLPalgorithm should use as few function évaluations as possible. Clearly, some gradient information is then necessary. In Section 4 we shall present formula for the derivative of the cost functional. For the case where the method of penalization is utilized for solving the state problem we refer to [7, 8, 10] .
In chapter 5 several numerical examples are given. They show, among others, that as a by-product we can find a shape for the contact part of the body that the contact stress will be evenly distributed when geometrical constraints are appropriate. This is of a great practical importance for designers. From the mathematical point of view, the functional of the total potential energy is easy to handle whereas the direct minimization of contact stresses is more involved.
In this paper the shape design problem for an elastic body on a rigid frictionless foundation is analyzed. When the friction between the body and the support is taken into account the problem is technically more complicated but principally the methods present here can be applied. For the case of a given friction -which is the simplest model -we refer to the paper [6] .
For the mathematical theory of optimum shape design problem with classical boundary value problems together with approximation we refer to the recent book of O. Pironneau [16] . See also conference volumes [1, 11, 13] .
SETTING OF THE PROBLEM
Let us consider a two-dimensional elastic body (l=fï(a)cR 2 having the following geometrical structure : a, b, y are given constants and a e C°' 1 ([a, 6 ] ), i.e. a is a Lipschitz function on [a,b] , afl(a) = r D U r P U r c (a), T D ^ 0 (possible partition of an (a) is given by Fig. 2.1 ).
The shape of the contact surface F c (a) is described by a graph of the function a, belonging to the set % ad , where displacement field u = u(a) = (w^ot), w 2 (ot)) (the dependence of u on a is emphasized by writing u = u(a)), which is in the equilibrium state with applied forces, i.e. In order to give the variational formulation of (2.2)-(2.7) we introducé a Hubert space V(a) of virtual displacements
and its closed convex subset K(OL) of admissible displacements
The variational form of (2.2)-(2.7) is now given by (see [12] ) 
with u(a) e ^(a) being the solution of (^(a)), is the total potential energy evaluated in the equilibrium state. According to [9] it holds : THEOREM 2.1 ; Let ^a d be given by (2.1). Then there exists at least one solution a* of (P).
FINITE ELEMENT APPROXIMATION OF (P)
Approximation of (P) will be given by means of finite element technique. We suppose that % ad is replaced by {y h e (C(fï(ü))f\Y h \ Ti e (P 1 (T i )f
The approximation of (P) is now defined as follows : Using the classical compactness arguments and (jj) one can easily prove the existence of at least one solution a ft * of (Y) k . Our main goal will be devoted to the study if there is any relation among solutions of (P) and (P) A 
For the proof see [10] . 
for any m integer, where u=s u(a)e K(a) is the solution of (^(a)) and G m (ot)=
Proof: Using the fact that the constant in Korn's inequality can be chosen independently on a e ^Q d (see [15, 10] ) we see that {u h } is bounded in the following sense : We see that the principle and associated moving points are allowed to move in jt 2 "Cti rec ti on only. The x 2 -coordinate of associated moving points where and A(X) is the stiffness matrix of our problem, ^(X), 0>{X) is the vector arising from the discretization of the body force F and the surface traction P, respectively. Dependence of A, 3F and & on design variables X is emphasized by writing X as a argument. / is the set, containing all indices of x 2 -components of the nodal displacement field at A h i = 0, ..., N. The state problem (4.3) can be solved by different itérative methods (SOR with projection, conjugate gradients with preconditioning, multigrid method). For comparison of these methods for solving (4.3) see [19] .
Consequently, the problem (P) A expressed in algebraic form is equivalent to On the other hand, the mapping X -> Q(X) is only directionally differentiable but not continuously differentiable (cf. examples in [14, 17, 18, 20, 21] ). Consequently, the mapping X->E{X) is not, in gênerai, of the class C *. Next we show however that our concrete choice of E leads to a differentiable case. Indeed, let E' (X) V dénote the directional derivative of E at X in the direction V.
Then (4.5) + ±(Q(X),A'(X)Q(X)).
We shall eliminate Q' from (4.5). Components T i9 ielof the residual vector (instead of x{ we write simply Xj). Now (4.6) and (4.7) yield :
Let us repeat that (4.8) holds because of the special f orra of the cost functional (see also [4] ).
Hence (P(X)) represents a non-convex but smooth minimization problem for variables, subject to box constraints, to linear inequality constraints and to one linear equality constraint. One possible approach to solve (P) is to use the following steepest descent type algorithm : Perform the terminal check, Ifnecessary, set k := k + 1 and go to STEP 1. Now we give some remarks concerning the algorithm 4.1. The number of itérations dépends on the choice of the optimization procedure in STEP 4. When the state problem (4.3) is solved iteratively (by SOR method for example) a reasonable initial guess Q°(X^) is the solution Q(X^k~l ) ) attained in the previous step. Namely, when the domain n^**" 1 *) is replaced by a new domain £l(X^) 9 the corresponding change in the solution of the state problem will probably be small.
When choosing the gradient method in steps 3 and 4 of our algorithm, the following features of the problem have to be taken into account : i) the évaluation of the cost function and its gradient are time consuming ; ii) E is of the class C * ; iii) constraints are linear, containing box constraints, inequality constraints and one equality constraint ; iv) function X -• E(X) is not convex. Consequently, a stationary point in the above algorithm may give only a local minimum. Hence, the initial guess plays an important role in the minimization procedure. We suppose that F = 0, u x = 0 and T 2 = 0 on r| and on T l P P = (0, where P 2 = -5.75 . 10 8 if x x e (2,4) and 0 elsewhere. In Figure 5 .2a we see the triangulation of Q(a°). It consists of 128 triangles. Consequently, on F c (a°) we have 17nodes, i.e. we have 17 degrees of freedom in minimization. The state problem is solved by a variant of conjugate gradient method (CG-SSOR with projection, [19] ). For the minimization of E the NPSOL routine of SOL (System Optimization Laboratory, [5] ) was appüed. It is based on augmented Lagrangian method together with linearization of constraints. The gradient, necessary for the method, is computed by the formula (4. In both test examples the value of the cost functional is reduced roughly speaking to the same value. The initial shape in Examples 5.1 and 5.2 are much different but the Algorithm gives in both cases the same final shape. As a by product we could find for T c (a ) such a shape that the contact part is enlarged and moreover the contact stress will be evenly distributed. This is of a great practical importance for designers. From the mathematical point of view the functional E is easy to handle whereas the direct minimization of the contact stress is more involved.
More many-sided collection of numerical tests together with the case with a given friction will be presented in a forthcoming paper. 
